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ABSTRACT. Asymptotic relations are obtained for the number p 4 (n)
of partitions of the integer n into summands from a set A of integers. The
set A is subject to certain conditions; however the only arithmetic condition
is that 4 have property Py, of Bateman and Erdos. A conjecture of Bateman
and Erdos concerning the kth differences of p 4 (n) may be verified using these
asymptotic relations.

1. Let A ={ay, a,, ...} be an infinite set of monotonically increasing in-
tegers. Let us say, as do Bateman and Erdds [1], that A has property P, if and
only if: If we remove an arbitrary subset of k elements from A, the remaining
elements have greatest common divisor unity. If k <0 then any set A has prop-
erty P,. In [2] we considered the number p , (1) of partitions of the integer n
into summands from A when 4 has property P, for all k > 0. In this section we
consider this problem when A has property P, but not P, ,,. In the next section
we investigate a conjecture of Bateman and Erdos concerning the kth difference
of p,(n). Finally in the third section we point out that a condition we assumed
in [3] in order to determine the asymptotic behaviour of the moments of par-
tition distributions is unnecessary.

For the sake of completeness we now state some definitions which are
given all in [2].

Let A(u) denote the number of elements of 4 which are < u.

Let f, be defined by

f,)= 3 e
acA
Let properties (I) and (II) be defined as in [2]. It is sufficient here per-

haps to state that both these properties hold when any one of (i), (ii) or (iii)
below hold (see [2]).

) Tim (log a, (log v) lim (log a,, flog v) > ?l,
| Vb oo V=00 2
" . logloga
(ii) s=lm_— " 7 existsand s >0,
log »
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(iii) AQu) = 0{A(u)} asu—> oo,
Let @ = a(n) be determined from
n=73 a(*® -1)""'.
acA
Let A, = A,(n) (1=2,3,...)be defined as in [2] or [4]; here it will
be sufficient to note that

A2 = Z aZeaa(eaa _ l)—z,
acA

A=Y [ - 1)"3+6(* —1)"2 + (% - 1)1],
acA

Ag=Y a®[(™ —1)7% +36(* — 1)73 + 14(e™ — 1)72 + (¢* - 1)7'].

acA

Again with D, =D,(n) (p=1,2,...) as defined in [2] or [4] it will
be sufficient to note that D, (n) = — v/7/2(42 /343 + A, [1242).

In the following we suppose that 4 has property P, but not P; ., for some
k> 0. et A denote a set of k + 1 elements of 4 such that A — 4 has g.c.d.
greater than one. A4 is not necessarily unique; clearly the set {2, 3} U
{6ili=1,2,...} has property P,. We assume however that A is fixed for the
remainder of this section.

Let d be the gcd. of A — A. Let (4 — A)/d denote the set
{alad €A - A}. Let G, be defined by

c,0 =11 1 — exp(-aa) .

a€4 1 — exp(~aa + 2mial)

LEMMA 1.1. Let 4, d and (A — A)/d be defined as above. Suppose
(A — A)/d has property P, (I must be = 0). For each fixed & > 0 if

a1l i . d- ,
6ep,1-51- UI[,]; _5,’;+5] Ul[g—a,gm]

- = =1
acq =1 i

then G ,(6) = O{a!***2}. The O-constant depends upon & but not «.

PROOF. From Lemma 3.4 of [2] we obtain that since 8 is not within §
ofany 0<ja<1l,a€4,
1 — exp(—aa)

(1. = 0{d**1}

a€d 1 — exp(-oa + ia62m)
where the O-constant depends upon & but not a. Consider
1 — exp(~aa)

coy= II

a€A-4 1 —exp(—oz + iaf2n)
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for 0 <0 <1/d. Since G(8 + j/d) = G (9), this is not a restriction. Then with
Y =do,
1 — exp(—ada)

G,W=G®O) = _ | — .
ac(4-A)/d 1 —exp(—ada + iay2n)

Since the set of integers (4 — A4 )/d has property P, we obtain as before that for
vVE[s,1-38]
1.2) G,(¥) = 0{@w)'* '} = 0{a!*'}

where the O-constant depends upon & but not a.
Lemma 1.1 now follows from (1.1) and (1.2).

LEMMA 1.2. Let € > 0 be an arbitrary constant. Suppose A has properties
() and (). Let A and d be defined as above. Then there exists a constant
& > 0 such that

fillgjf GA(o)ehrinG do = ofk+1 agz a(l — e—i21ria/d)—l

x e2mnil(2n4,)" %1 + O f7 %+ (@)}].

The O-constant depends upon & but not a.

PROOF.

3) GG+ w=1]]
a€4 1 — exp(-aa + 2migj/d + 2miay)

Now since 4 is a finite fixed set, we may choose & small enough that for || <5

1 — exp(-aa)

* 6,4 ).

’
1 — exp(—aa)
a€4 1 — exp(~aa + 2miaj/d)

a4 = O{ak*1).

Also in [2] we have seen that there exists a § > 0 and an 7 with 0 < <1
such that for Y = af7 1+ M/3@) < Y| <5,

(1.5) G4(¥) = 0{af M@}, foreach N> 0.

(Here we did not use the fact that A had property P, for all k> 0.)
For Y| < Y, we obtain from (1.3)

G, (ild + ¥) = G, (¥) n_ 1 — exp(— aa + i2nay) ‘
a€4 1 — exp(—aa + i2nay + 2niaj/d)

Since
1—ea*2mad = 44 + j2nay + 0 {a?} = aa[1 + 2niay Ja + O{a}]
and
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1- e—a+21ra|p +2miayj/d 1 - e2m’ai/d[1 + 0{&}],

we obtain that

1 —exp(—aa + i2na
P - 2 ——=of*! ] o1 — e*9)~!
1 — exp(— aa + i2nay + 2niaj/d) aCA

x [(l + i21r‘;[—l’>k+l + O(a)] .

Thus on the range | Y| < ¢, = afA"(”")/:’(a) we obtain that

a€A

GA(i/d + w)e21rin( jla+vy)

(1.6) = oft! H a(l _e-—-21rlaj/d).-1

aE€A

x e2Mnild[(] + 2m Ylay ! + O{a}] G, (Y)e™ Y.

We may expand G, (¥)e*™"¥ as in [2, §2], then upon integrating from —
to Y, all odd powers of Y will drop out. Moreover

J 30 W)’ Gy ()™ dy = Ofa 7@} = O{43 "y ** (@)}

since again as in [2, §2] we have that A7 % = O{af **¢(a)}. Now the lemma
follows from (1.3), (1.4), (1.5), and (1.6).
LEMMA 13. Let € > 0 be any constant. Let A satisfy properties (1) and
(ID) of [2]. Let A be defined as above. Then there exists a constant § > 0
such that for each number jja;; a4, €A4,j=1,2,...,a —1:
(a) if there exist k + 2 elements a of A such that (a,a;, )) 1 a then
ilag+s

jla;~6 GA(O)ez‘ll’inO do = O{ak+2};

(b) or if there exist exactly k + 1 elements a of A such that (a/(ey, j)) 1
a, then letting A = {ala defined as above}, then there exists a & > 0 such that

Ila;+8 GA(o)ezﬂinO do = e2minila; gk +1 o H- a(l — e21riia/a,)—l(2"A2)—%
1/01—5 a€A

x [1+0{ f7%* @)}

ProoF. The proof of part (a) is the same as the proof of Lemma 1.1.
The proof of part (ii) is the same as the proof of Lemma 1.2.

THEOREM 1.1. Let A have properties (I) and (II) of [2]. Suppose that A
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has property P, but not P, | for k > 0. Suppose furthermore that
'l-ir—n',,_,,, [(log log a,)/log v] <eo. Let m be any fixed integer > 2. Then

p,(n) =(2nA,)"% exp{an - 2 log(1 - e"”)}
a€A

X [1 + mf D, +0{f; @)} + O{a"“}].

p=1
ProoF. Asin [2]

patm) = e [% G, (@)emin® dp.

There is a contribution to the integral from a neighbourhood of 8 = 0 (a saddle-
point which is determined exactly as in [2]), giving the dominant terms of Theo-
rem 1.1. The next largest contributions come from the §-neighbourhoods 8 €
[i/d -8, j/d + 8] and 6 € [j/a; - 8, j/a; + 8] considered in Lemmas 1.2 and 1.3
and these contributions are O{ p ,(1)a**'}. From Lemma 1.1 the integrand is
O{a**2} on the remaining range of integration. However, consider the integral
of G 4(0) €™™"? over the range j/d + & to (j + 1)/d — & omitting any §-neighbou-
hoods of 0 < k/a < 1,a €A. As in the proof of Lemma 1.1, this is the integral
of
1 — exp(—aa)
e€4 1 — exp(—aa + 2miady)

from d6 to 1 — dé omitting any d§-neighbourhoods of the dk/a; where j/d <
kja; < (j + 1)/d. But G,(¥) =0 {a®} except on neighbourhoods of those points
considered in Lemmas 1.2 and 1.3 with 4 replaced by (4 — 4 )/d and from these
lemmas the integral over these neighbourhoods is O{a**2p , (n)}. Thus the
theorem follows.

REMARK. One can obtain sharper estimates from Lemmas 1.1, 1.2, and
1.3 than those given in Theorem 1.1. In general, however, the sharper estimates
are rather cumbersome to state in general. Suppose 4 = {2, 3} U
{6ili =1,2,...}. Then one deduces that

M3/ n 3)% x 3 2
=———(3) 1+—(c, +5 (-1} +—2
P4 n? (2 [ 6n” ( otz (-IF 1 — cos(2n/3)

X «l — cos 2—") cosz—"n-
3 3

. 2m 21m)) -
+ - _— 1
sin 3 Sin=3 +O0{n }]

where C,, is a complicated constant which we have been unable to write in any
convenient form. The oscillatory part is easy to evaluate however, and is of
course independent of whether A is taken to be { 2} or {3}

al(w) e2mindy
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2. In this section we shall verify, under certain asymptotic restrictions on
A, a conjecture of Bateman and Erd6s concerning p(*)(n) defined by

z PPm)x" = (1 -xf TT (1 -x9-1.

acA

We now define a, 4, and D, asin [5]. They are different from §1.
With Lemmas 1.1, 1.2, and 1.3 replacing Theorem 5.2 of [3] one obtains

THEOREM 2.1. Let A have properties (1) and (II) of [2]. Suppose that A
has property Pg but not Py ,. Suppose furthermore that

__ logloga,
proeo  lOgV

Let m be any fixed integer 2 2 and € any constant > 0. Then for k > 0

PP0) = (2nayy °"P{°‘" ~ 3 log(1 — ™) — K log(1 - “’“}
a€A

x [1 +5 D, +0(f} " P} + O{of“-"}].
p=1

REMARK. An asymptotic result can be obtained for the case k = s + 1
also. The result stated in complete generality is again cumbersome, Let, how-
ever, A ={2,3} U {6ili=1,2,...}. In this case, one determines without
too much difficulty that

PO = /32 (Gn¥) eIV

3(-1) 2
X [l * 2 * 1 — cos(2n/3)

x ((l —cos-2§1-r)cos2§”-+sin-2§’-'sin2§") +0{n'y’}].

More generally, one added to the contributions in Lemmas 1.2 and 1.3 gives the
dominant term; hence p%*1)(n) is a periodic term times p, (7)a**! if 4 has
property P, but not Py ,.

We may now say something about the conjecture of Bateman and Erdos
in [5].

Let us define p$)(n) = p+1)(n)/ p$)(n). From Theorem 2.1 and the
remark following it, we obtain

THEOREM 2.2. Let A have properties (I) and (I) of [2]. Suppose that A
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has property P,. Suppose furthermore that —'hr—n_,,_,,, [(log log a,)/log v] < eo.
Then pF)(n) = 0{a} = 0 {n*}.

ProoF. Let a; be that in the asymptotic expression for pg‘ +1)(n) and
a, be that in the asymptotic expression for p¥*2(n). It readily follows that
o, =a, + 0{a, fj'y’(a)}. The second part follows from the fact that
ZaE® -1)"1<Zp_, mEe™* -1)=0{a"?}.

REMARK. Again Theorem 2.1 and the remark following it show that under
the assumptions of Theorem 2.2 one may determine the asymptotic behaviour of
pf"‘ )(n) if A has property P;. Also if A does not have property P, ., then
p{)(n) is a periodic function of n times a and may change sign. If 4 = {2, 3} U
{6ili=1,2,...} one obtains that

_m [, =1y 2
P = s [1 T Y T @)

2n 2an, . 2m . 2mn _%]
x ((l—cos 3)cos—3 + sin 3 s1n—3 )+0{n H.

3. One of the assumptions of Theorem 5.1 of [3] is that either 4 is a
P-sequence or that lim, _, ; log g,(x)/log x = 0. The proof of Theorem 1.1 shows
shows that this condition is unnecessary. This condition is unnecessary in Theo-
rem 5.2 of [3] also.
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